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Uni� ed Hypersonic/Supersonic Panel Method for Aeroelastic
Applications to Arbitrary Bodies

P. C. Chen¤ and D. D. Liu†

ZONA Technology, Inc., Scottsdale, Arizona 85251-3540

A uni� ed unsteady hypersonic/supersonic panel method has been developed and incorporated into ZAERO
(a uni� ed unsteady/steady aerodynamics/aeroelasticity methodology/software for aeroelastic applications). The
present uni� ed panel method is a viable design/analysis tool for future hypersonic � ight vehicles and hypervelocity
missiles. The method is established with a rotationality correction function to the general three-dimensional linear
potential solution. An equivalent Mach number transformation is introduced to circumvent the superinclined
panel limitation. Next, a local pulsating cone analogy is applied to each panel considered, thus yielding the in-
phase and out-of-phase forces and moments for an arbitrary body with proper rotationality correction based on
steady/unsteady Euler solutions. The obtained results were veri� ed and validated with CFL3D solutions, AP98
results, and measured data. For all cases studied, the uni� ed panel method is found to be computationallyef� cient
(2–3 min per case), acceptably accurate, and very versatile in its applicability, including aerodynamic/stability
derivative/aeroelastic/aeroservoelastic applications for complex wing–body or missile-� n con� gurations in the
uni� ed hypersonic/supersonic � ight regime.

Nomenclature
AB = body base area
CM = pitch moment=.1=2½U 2

1 AB L/
CMq = @CM =@.q L=U1/
CM® = @CM =@®
CM P® = @CM =@. P®L=U1/
CN = normal force=.1=2½U 2

1 AB /
CNq = @CN =@.qL=U1/
CN® = @CN =@®
CN P® = @CN =@. P®L=U1/
L = reference length (body length)
P = pressure
q = angular velocity
S = body surface
U1 = freestream velocity ®, angle of attack
° = ratio of speci� c heats
½ = density
¾ = half-cone angle
Á = velocity potential
! = harmonic frequency

I. Introduction

A LTHOUGH current computational � uid dynamics (CFD)
methods have reached a rather mature stage for steady aero-

dynamic analysis, their design features may be hampered by the
problem in grid generation and long computing time. A Navier–
Stokes (N–S) code such as GASP1 or CFL3D2 for design/analysis
of a missile body could consume over 24 h computing time for
a simple � ight condition. An N–S code could become even more
inef� cient, even if it were applied for unsteady two-dimensional
aeroelastic applications, for example, in the case of an airfoil in
limit-cycle oscillation. For this reason, more expedient methods,
other than those of CFD origin, are encouraged by the design en-
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gineers. These methods will be integrated in a multidisciplinary
optimization environment and with reasonable turnaround com-
puting time. These types of expedient methods are apparently
needed in hypersonic vehicle design, including that of transat-
mospheric vehicles and hypervelocity missiles. The current trend
in kinetic energy missile design requires munition penetration at
hypersonic velocities on impact. For design consideration, hyper-
sonic control and maneuver of slender missiles require an ac-
curate yet ef� cient hypersonic aerodynamic methodology. It is
because of this demand that the present uni� ed unsteady/steady
hypersonic/supersonic method for treatment of general bodies is
developed.

Developing an expedient uni� ed hypersonic/supersonic aerody-
namicmethodfor � exibleand rigidbodies is a challengingendeavor.
One approach is to generalize the wing–body supersonic unsteady
aerodynamicpanel method3 to include the hypersonic � ight regime
in the ZAERO software system.4 Also included in the software
system is a well-developeduni� ed unsteady hypersonic/supersonic
lifting surface treatment.5;6 Here, the present effort is to extend a
similar, but much less obvious, approach to the treatment of ar-
bitrary bodies. It is well known that the problem in an unsteady
supersonic panel arises from the so-called superinclined panels. A
superinclinedpanel (SIP), usually located around body apex, is one
on which the body slope is greater than the local Mach wave an-
gle (Fig. 1a); hence, it causes a breakdown in the linear supersonic
formulation. The SIP thus disallows the further extension of the
integral linear supersonic � ow to a higher Mach number regime.
Classical approaches by Van Dyke7;8 and by Tobak and Wehrend,9

among many others, all showed this limitation in their supersonic
methods.

Another problem in the present hypersonic extension attempt
amounts to developing a suitable formulation for incorporating
the � ow rotationality effect into a linear supersonic potential
model for bodies such as that adopted in the previous uni� ed
hypersonic/supersonic lifting surface treatment.5;6 The present ap-
proachadoptsan equivalentMachnumber transformationto circum-
vent the SIP limitation, thus extendingthe supersonicpanel method
to a uni� ed supersonic/hypersonic Mach number range. A formal
derivation will be presented to introduce the rotationality correc-
tion term accounting for the shock/vorticity effects arising from the
hypersonic aerodynamics. Finally, a local pulsating cone analogy
method is developed to account for the steady/unsteady rotational-
ity correction, thus yielding the proper in-phase and out-of-phase
forces and moments for arbitrary bodies.
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a) b)

Fig. 1 Equivalent Mach number transformation: problem A to B.

II. Perturbed Euler Equations
Consider the time-dependent three-dimensionalEuler equations,

that is,
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where the � ow velocity reads
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and the substantial derivative reads
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The general tangencycondition(TC) requires that no normal veloc-
ity at the body surface at all times, that is,

DS

Dt
D 0 at S D z ¡ f .x; y; tI ¿; ±/

where¿ is thebodythicknessand± is thebodyoscillatoryamplitude.
Consider a hyperbolic equation system with freestream Mach

number being supersonic or hypersonic. The � ow solution of the
Euler equations (1–3), can be expressed in three terms, that is,

P D P0 C P 0; ½ D R0 C ½0; V D .U0 C u0; v0; w0/ (4)

where P0; R0, and U0 are the mean � ow propertiesbehind the shock
and the prime properties are the perturbed pressure, density, and
� ow velocities due to unsteady amplitude motion.

If P0; R0 , and U0 are slowly variant or correspond to a stationary
local � ow (such as the � ow behind a wedge or that of a constant
density hypersonic � ow), then the perturbed � ow can be linearized,
resulting in a single second-order accoustic equation in terms of
pressure, that is,
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where M0 represents the Mach number of the slowly variant � ow-
� eld behind the shock or that of the constant density � ow. Clearly,
in the case of linear potential � ow, M0 becomes the freestream

Mach number M1 as the shock wave degenerates into the Mach
wave. Thus, the linearized P 0 is the acceleration potential, a basis
for panel method formulation, that is,

P 0 ¼ NÃ ´ @Á

@ t
C U1

@Á

@x
(6)

where Á is the unsteady perturbed potential.
Equation (5) is then reduced to the familiar unsteady potential

equation or the acoustic equation in Á, that is,

¡
M2

1 ¡ 1
¢
Áx x ¡ Áyy ¡ Ázz C 2M2

1Áxt C M 2
0 Átt D 0 (7)

III. Rotationality Correction Formulation
Let x denote the � eld point (x , y, z). Equation (4) canbe explicitly

expressed as

P.x; t/ D P0.x/ C P 0.x; t/

It can be recast into a form of

P.x; t/ D NÃ.x; t/ C 1P.x; t/ (8)

where 1P D P0 C P 0 ¡ NÃ is a rotationality correction to the lin-
earized acceleration potential of the linear potential solution.

The rotationality correction formulation of Eq. (8) suggests that
the pressure coef� cient can be expressed in two parts, that is,

CP .x; t/ D NCP .x; t/ C 1CP .x; t/ (9)

where NCP corresponds to the pressure coef� cient derived from the
potential methods such as that of ZONA7,3;10 and 1CP is the rota-
tionality correction pressure coef� cient (RCP).

The formulationof Eq. (9) amounts to the classicalsplittingof the
velocity � eld by many in the past (for example, Lighthill,11 Sears,12

and Carrier13), that is,

V D rÁ C 1V (10)

where Á is the velocity potential solution of the linear potential
equation (7), as solved by ZONA7, and 1V is the rotationality
correction term to the Á solution.

The presentrotationality-correction approachis in linewith a con-
sistent approach that has been adopted in the transonic nonlinearity
correction method14 and in the hypersonic rotationality correction
methodfor liftingsurfaces.5;6 This is to say that all of thesenonlinear
correction methods are applied to a based linear potential solution
that is unsteady, is three-dimensional, and can be computed by a
panel method.

Next, Eqs. (7) and (9) will be recasted in the frequency domain.
Consider an elastic body of length L (for which the rigid mode is a
special case) performing bending oscillation in supersonic � ow of
speed U1 at a circular frequency! with a small amplitude ". If the
harmonic oscillation is assumed, the velocity and potential can be
expressed as

V D vei kt ; Á D ’ei kt

Equations (7) and (9) can now be expressed as

¯2
1’x x ¡ ’yy ¡ ’zz C 2ik M2

1’x ¡ k2 M2
1’ D 0 (11)

where ¯2
1 D M 2

1 ¡ 1 and k D !L=U1 is the reduced frequency.
The pressure correction Eq. (9) now becomes

CP .xI ik/ D NCP .xI ik/ C 1CP .xI ik/ (12)

Solutionsof Eq. (11) and NCP of Eq. (12) can be obtainedby applying
ZONA7, a supersonic panel method for wing–body and complex
aircraft/missile con� gurations.3
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IV. Equivalent Mach Number Transformation
As discussed, the applicability of the linear integral methods for

solving Eq. (11) is con� ned by the limitation of SIP. An SIP Mach
number is de� ned by a freestreamMach number whose Mach wave
angle, ¹1 D sin¡1.1=M1/, is equal to the local body (or panel)
slope. Almost all classical supersonic integral methods based on
Eq. (11) cease to be valid beyond the SIP Mach number limit, for
example, those of Van Dyke7;8 and Tobak and Wehrend.9 The out-
standingwork by Kacprzynskiand Landahl15 has shown a modi� ed
supersonic integral solution method can be extended beyond such
an SIP Mach number limit, if one adopts the local linearizationstrat-
egy for the supersonickernels. However, the method itself does not
formally include rotationality, let alone the Newtonian limit. A su-
personic, not-so-slenderbody solution (for example, that of Adams
and Sears16 ), on the other hand, is not con� ned by the SIP limit,
but only lends itself to the near-� eld solutions for bodies of rev-
olution. Neither method, in fact, has the potential of extending to
three-dimensionalbody treatments.

To circumvent the SIP limit, one introduces an equivalent Mach
number transformation to recast the physical problem (problem A,
Fig. 1b) into a new coordinate,whereby the body undergoes a com-
pressibility stretch in the axial direction (problem B, Fig. 1b). This
transformation reads

.x1; y1; z1/ D .¸x; y; z/ (13)

where ¸ D ¯e=¯1 , ¯2
e D M 2

e ¡ 1, and Me is a selected equivalent
supersonic Mach number of the problem.

The selectionof Me can be rather arbitrary, except that the equiv-
alent Mach wave angle ¹e D sin¡1.1=Me/ must be greater than the
inclined angle of the panel, for example, ±0 for the apex semicone
angle of a pointed body (see Fig. 1a).

Consider a pointedbody S.x; y; z; t/ D 0 (see Fig. 1a). It appears
that the aft-shock Mach number of the conical apex would be the
best choice for Me because it is the least possible Mach number to
cause an SIP breakdown. Applying Eq. (13) to Eq. (11) yields the
transformed equation (problem B),

¡ ¯2
e ’x1x1 C ’y1 y1 C ’z1 z1 ¡ 2ikM 2

1¸’x1 ¡ k2 M2
1’ D 0 (14)

Meanwhile, the body surface is transformedinto a slightly stretched
one (Fig. 1b), that is,

S.x; y; z; t/ D 0 ! S1.x1; y1; z1; t/ D 0 (15)

whereas the freestreamMach number is replacedby Me . Physically,
the transformedproblembecomesone with an equivalentfreestream
Mach number whose Mach wave is an exact degeneration of the
correspondingshock wave of the given problem.

Furthermore, Eqs. (11) and (14) can be transformed to a univer-
sal linear supersonic equation, with the following transformations,
respectively,

.x; y; z/ D .¯1»; ´; ³ / (15a)

.x1; y1; z1/ D .¯e»; ´; ³ / (15b)

whereas the transformed equation becomes one with a freestream
Mach number M D

p
2 and Mach wave of ¹1 D ¼=4, that is,
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This equation yields an oscillating potential corresponding to
the harmonic gradient method for an unsteady supersonic lifting
surface17 as
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where
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p
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and . N» ; Ń; N³/ D .» ¡ »0; ´ ¡ ´0; ³ ¡ ³0/ is the hyperbolic� eld point-
sending point distance.

Thus, the integralsolutionEq. (17) canbe solvedbyusingZONA7
subjected to the boundary condition (TC) applied at body S1 D 0.
The generalized TC, Eq. (4), applied at S1 D 0 can be expressed as
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where A is an operator such that

Ar1 D ¸
@

@x1
i C @

@y1
j C @

@z1
k; An D ¸n1 i C n2 j C n3 k (19)

where h is the displacementvector of the � exible body and n is the
direction normal of S1 .

The resultingsolution in the .x1; y1; z1/ coordinateyields the ve-
locities through the velocity in� uence coef� cient matrix, for prob-
lem B, that is, V1 D .u1; v1; w1/.

Because the TC of problem A is a special case of Eq. (18) by
setting ¸ D 1:0, the velocities V1 can be related to V of problem A
simply by the transformation in Eq. (13), that is,

.u; v; w/ D .¸u1; v1; w1/ (20)

Although the equivalent Mach number transformation formulation
is formally derived, its selection of Me is, nevertheless,an approxi-
mation.Therefore,solutiondiscrepancyis expectedfromthe present
method. However, the discrepancy is slight because it can be shown
that the errorbetweenV1 andV of the exactproblemA only amounts
to order of "4 " and "4, where " is the body thickness ratio.

V. Local Pulsating Cone Analogy
Because the mean � ow is hypersonic/supersonic, the time re-

quired for it to travel a unit reference length L, for example, body
length, is much faster than that required for one cycle of body os-
cillation. Thus, the correspondingunsteady problem can be treated
as mildly unsteady in that � ow history is only accounted for in the
neighborhoodof each panel.Hence, the rotationalityeffect (Sec. III)
can be corrected locally as well. This suggests that the correction
terms 1CP and 1V of Eqs. (9) and (10), when treated in the aero-
dynamic in� uence (AIC) or velocity inference coef� cient matrices,
can be modeled in a self-in� uenced manner. In other words, the
incremented rotationalitycorrection in terms of 1CP and 1V only
appears along the diagonal of the AIC matrices, where the panel-
to-panel in� uence is ignored. For each diagonal terms in the AIC
matrix, the correction term 1CP can be expressed as

1CPR D
³

dCPR

d±

´

¾

cosµ; 1CPI D
³

dC PI

d±

´

¾

Nx cos µ (21)

where µ is the azimuthal angle, ¾ is the semi-angleof the local cone
(Fig. 2), Nx is the axial distance between the panel and the local cone
apex (Fig. 2), and .dC PR =d±/¾ and .dCPI =d±/¾ are, respectively,
the in-phaseand out-of-phasepressurecoef� cients of the local cone
undergoing a unit pulsating motion.

In fact, they can be related by the normal force derivatives in
pitch, that is,
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Fig. 2 Local pulsating cone analogy showing rotations.

where 1CN®
and 1CNq are, respectively, the incremental stiffness

and pitch-damping derivatives of the local cone. They are incre-
mental in the sense that they represent the difference between the
derivatives evaluated by the Euler computation vs that by the lin-
ear potential. They are, in fact, the rotationality correction compo-
nents attributing to the 1C P correction.Explicitly, they are de� ned
as

1CN®
D CN® Euler.M1/ ¡ CN® Potential.Me/

1CNq D CNq Euler.M1/ ¡ CN® Potential.Me/ (23)

The exact Euler values of CN®
and CNq for an oscillatingcone were

given by Sims18 and Brong,19 whereas the exact potential values of
the same were given by Tobak and Wehrend.8

VI. Results and Discussion
Several case studies are presented for various bodies using the

present uni� ed hypersonic/supersonic panel method (denoted by
ZAERO throughout). These include: 1) pressure distribution of the
bent-nose (ogive–cylinder) body, 2) the static stability derivatives
of cones and ogive–cylinder bodies, and 3) the dynamic stability
derivativesof cone, cone-frustum,and ogive–cylinderbodies.Com-
puted results are presented to validate the present results with that
of CFL3D using its Euler option.

A. CP of the Bent-Nose Ogive–Cylinder Body

Provided by the U.S. Army Missile Command (MRDEC) as re-
lated in a private communication by L. Auman (May 2000) the

Table 1 Five bent-nose body con� gurations

Ogive nose
Body ®, Nose ®, de� ection

Figures deg deg (bent nose)

3 0 0 No
4 ¡2 ¡2 No
5 ¡2 0 Yes
6 0 2 Yes
7 2 4 Yes

Fig. 3 Positive 2-deg de� ection between nose and body (0-deg body,
0-deg nose, and M = 6).

Fig. 4 Unde� ected case, body, and nose at same angle of attack
( ¡ ¡ 2-deg body, ¡ ¡ 2-deg nose, and M = 6).

bent-nose body is the centerbody of a compact kinetic energy mis-
sile (CKEM) design. Shown in Fig. 3, the bent-nose body has the
slender ratio of ¿ D 0:0435, but with a hypersonicparameterk D 1:5
(M1 D 6:0 and ogive apex angle µ D 14 deg). Five � ight conditions
were computed, all at M1 D 6:0 (see Table 1).

For unde� ected-nosecases (Figs. 3 and 4), the agreements in CP

are verygoodbetween thepresentuni� ed panelmethodand CFL3D.
Note that the kink in CP is a typical inviscid result due to the slope
discontinuity at the ogive–cylinder juncture.
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Table 2 Comparison of bent-nose body lift, moment, drag and hinge moment ZAERO vs CFL3Da

CFL3D Present panel method

CL
b CM

c CD
d Ch

e CL CM CD Ch

¡0.076 ¡0.02552 0.0553 3.76e¡7 ¡0.0712 ¡0.02776 0.049 0
0.0437 0.0292 0.0492 0.00612 0.0408 0.02806 0.0493 0.00668
0.1637 0.0857 0.0537 0.0123 0.1517 0.08388 0.057 0.0133
¡0.118 ¡0.0549 0.0465 ¡0.00612 ¡0.1125 ¡0.05588 0.050 ¡0.00668

a AB D 2:405 in.2, L D 40:25 in.
bCL D lift force=q1 AB .
cCM D pitch moment about c.g.=q1 AB L.
dCD D drag force=q1 AB .
eCh D hinge moment of nose section about x D 7 in.=q1 AB L .

Fig. 5 Positive 2-deg de� ection between nose and body ( ¡¡ 2-deg body,
0-deg nose, and M = 6).

Fig. 6 Positive 2-deg de� ection between nose and body (0-deg body,
2-deg nose, and M = 6 ).

For de� ected-nose cases (Figs. 5–7), the overall CP agreements
are fair. Discrepancies at the ogive–cylinder juncture are seen as a
result of the insuf� ciency in the present uni� ed panel method, and
CFL3D seems to occur at the expansioncorner rather than the com-
pressioncorner.This is expectedbecauseall compressionpanelsare
rotationality corrected, whereas the expansion panels only resume
their linear potential values (rather than satisfying Euler), hence,
overpredictingtheexpansionCP . A furthercorrectionprocedurecan
be developedusing the method of characteristicsscheme suggested
by Ferri.20 Finally, the coef� cient of body normal force, moment,
drag,and hingemoment (with respect to the ogive–cylinder junction
at x D 7 in.) are summarized in Table 2 and diagramed in Fig. 8. For

Fig. 7 Positive 2-deg de� ection between nose and body (2-deg body,
4-deg nose, and M = 6 ).

Fig. 8 Bent nose CKEM body at various angles of attack and bent
nose angles.

all cases considered, the discrepancies between the present results
and CFL3D results range from 0 to 7%.

B. Static Stability Derivative: CN®

The normal force slopes with varying Mach numbers for 10- and
20-deg cones are presented, respectively, in Figs. 9 and 10. It is
seen that the present results follow the same trend as Sim’s exact
(Euler) results,18 but with acceptable discrepancy throughout the
Mach number range from shock detachment to M1 D 20. The � rst-
and second-order theory of Tobak and Wehrend9 and Van Dyke8

yield largely diverging results even in the moderate Mach number
range. Their results were abruptly terminated at precisely the SIP
Mach number, as explained earlier. Figure 11 compares CN®

and
centerof pressureresultsof an ogive–cylinderbodyof an extendable
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Fig. 9 Variation with Mach number of the stability derivative (at cone
angle = 10 deg).

Fig. 10 Variation with Mach number of the stability derivative (at
cone angle = 20 deg).

Fig. 11 CN® and center of pressure of the ogive–cylinder body vs
afterbody � neness ratio.

cylinder aft-body at M1 D 3:0, 4.24, and 5.05. Overall, the present
results compare favorably with that of CFL3D. The AP89 (shock
expansion method)21 results tend to overpredict CN® values with
increased afterbody � neness ratio.

C. Dynamic Stability Derivatives: CN Ç® + CNq and CM Ç® + CMq

The coef� cients of out-of-phase forces with varying Mach num-
bers for a pitching10-deg cone and a 20-degcone about the apex are
presented, respectively,in Figs. 12 and 13. It is seen that the present

Fig. 12 Variation with Mach number of the stability derivative (at
cone angle = 10 deg).

Fig. 13 Variation with Mach number of the stability derivative (at
cone angle = 20 deg).

Fig. 14 Predicted and measured damping of a 10-deg sharp cone.
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Fig. 15 Comparison of theoretical and experimental damping-in-
pitch moment coef� cients for a cone frustum at various Mach numbers.

Fig. 16 Effect of Mach numberon � xed axis dampingin pitch moment
coef� cient for an ogive cylinder.

results largely follow the same trend as Brong’s19 exact Euler solu-
tions, but again with acceptable discrepancy, throughout the Mach
number range from shockdetachmentto M1 D 20. Much largerdis-
crepancies were found between results of Tobak–Wehrend’s8 � rst-
order theory and that of Brong’s19 exact Euler solution. McIntosh’s
numerical solution22 agrees very well with Brong’s19 exact Eu-
ler solution at high Mach numbers, but large discrepancies are
found at low to moderate supersonic Mach numbers. Figures 14–

16 compare, respectively, the present pitch-damping results with
measured data for an oscillating 10-deg cone–frustum and for a
slender ogive–cylinder body at various range of moderate super-
sonic Mach numbers.Excellentagreementswere found for all cases
considered.

Conclusions
The following conclusions can be drawn from the present study:
1) A uni� ed unsteady hypersonic/supersonic panel method has

been developed and incorporated into the uni� ed unsteady/steady
aerodynamics/aeroelasticity methodology/software (ZAERO) for
aeroelastic applications. Cases studied include the U.S. Army-
provided bent-nose ogive–cylinder body, all at hypersonic/
supersonic speeds. The results of the present uni� ed hypersonic/
supersonic panel method were veri� ed and validated with other
computational solutions (CFL3D and AP98) and measured data,
respectively.

2) For a bent-nose body, close agreement in CP , body nor-
mal force, moment, drag, and hinge moment with CFL3D solu-
tions (within 0–7%) were found. Slight discrepancies in C P were
found at the lee side of the ogive–cylinder juncture with de� ected
nose. Improvement of the juncture aerodynamics for the expansion
panels would await further incorporation of Ferri’s20 method-of-
characteristics scheme.

3) The present uni� ed hypersonic/supersonic panel method is
found to yield excellent trends, following those of exact Euler
steady/unsteady solutions, that is, those of Sims18 and Brong,19

in terms of static and dynamic stability derivatives, throughout all
Machnumbersfromshockdetachmentto Mach 20. Excellentagree-
ments in pitch dampingwere establishedbetween the present results
and measured data for various bodies. Expedient and accurate pre-
dictability in stability derivatives is one of superior features of the
present panel method over existing methods.

4) The present uni� ed hypersonic/supersonic panel method is
shown to be very computationallyef� cient. For a typical bent-nose
body case (see Figs. 3–7), a CFD code, such as CFL3D, would
consume over 4 h of CPU time. By contrast, the developedmethod
only requires 2–3 min on a 1-MB personal computer.

5) The current capability of the present uni� ed steady/unsteady
hypersonic/supersonic panel method can perform computations
for aerodynamics/stability derivatives, aeroelastic, and ASE in-
stability predictions at any speed for complex missile con� gura-
tions. Given the capability, the high computation ef� ciency, and
the acceptable ef� ciency of the present uni� ed panel method,
it should serve as a viable aerodynamic/aeroelastic tool for
the design/analysis of future hypersonic � ight vehicles, includ-
ing transatmospheric vehicles and next-generation hypervelocity
missiles.
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